A measurement of the hadron energy spectrum in inclusive semileptonic B decays is proposed as a viable method for extracting |V ub |. Compared to the traditional energy spectrum of the charged lepton, the hadron energy spectrum exhibits kinematical advantages such as a wider energy window and a larger signal branching fraction. It is emphasized that the hadron energy spectrum method is most suited for symmetric B factories, such as CLEO. The hadron energy distribution is calculated in the approach of the Altarelli et al. model and of the heavy-quark effective field theory. In both methods, perturbative QCD corrections, the Fermi motion of the b-quark in the B-meson, and the recoil momentum of the B-meson (stemming from the Υ(4S) resonance) are taken into account. We have found excellent agreement between the spectra calculated in both methods, especially in the relevant kinematical region below the charmed meson threshold. The theoretical error to |V ub |, which is dominated by the uncertainty of the b-quark mass, is estimated to be at the ±12% level.
Introduction
A precise determination of the Cabibbo-Kobayashi-Maskawa matrix element V ub is an important step for constraining the unitarity triangle. Therefore, it poses a challenge for both theory and experiment [1] . Traditionally, V ub has been extracted from the energy spectrum of the charged lepton in inclusive semileptonic B decays B → X u ℓν above charm threshold, i.e., for lepton energies E ℓ above (m 2 B − m 2 D )/(2m B ) ≈ 2.3 GeV [2, 3] 2 . As the kinematical endpoint for semileptonic B decays is at E ℓ = (m 2 B − m 2 π )/(2m B ) ≈ 2.6 GeV, the pure b → uℓ − ν transition extends over a relatively narrow window of about 300 MeV, accepting only a fraction of approximately 10 % of the total sample of charmless B decays. Theoretically, the lepton energy spectrum may be calculated from first-principle QCD. Using the tools of the operator product expansion (OPE) and heavy-quark effective field theory [6] , one can construct a systematic expansion of the lepton spectrum in powers of Λ/m b , where Λ is a typical lowenergy scale of QCD [7] . However, the relevant lepton energy window from which |V ub | can be extracted lies to a large extent in the so-called endpoint region which extends from the parton model maximum at E ℓ = m b /2 up to the hadronic maximum at (m 2 B − m 2 π )/(2m B ). It is therefore described by genuinely non-perturbative contributions. The difficulty arises from the fact [8] that, close to the partonic endpoint, the expansion parameter is no longer Λ/m b , but Λ/(2m b − E ℓ ). Thus, the theoretical prediction becomes singular when the lepton energy approaches the parton model endpoint; formally, these singularities manifest themselves in delta functions and derivatives of delta functions concentrated at the partonic lepton energy endpoint m b /2. In addition, this region is plagued by large perturbative Sudakov-like double logarithms [9, 10, 11] as well as by small instanton effects [12] . Therefore, in a large part of the lepton energy region in which the extraction of V ub is kinematically possible, a full resummation of Sudakov-like double logarithms [10] and power corrections [13] becomes necessary. In view of the theoretical and experimental difficulties just mentioned, it is desirable to look for other methods.
As an alternative, we propose to extract V ub from the hadron energy spectrum in the inclusive charmless semileptonic B decays B → X u ℓν. Simple kinematical considerations support why this proposal is viable. As the charmed final state threshold is at the D-meson mass, the maximal hadron energy window for charmless semileptonic B decays is given by the range m π ≤ E had ≤ m D ; this window is much wider than the corresponding kinematical window for the lepton energy distribution discussed above, and as we will see later, a much larger fraction of the B → X u ℓν events becomes accessible, leading to improved statistics. Of course, the theoretical problems addressed in the discussion of the lepton endpoint spectrum are also present in principle in the hadron energy spectrum [14, 15] , but to a much lesser extent in the kinematical region relevant for the extraction of V ub . Indeed, up to perturbative QCD corrections, the region around E had = m b /2 is also fully dominated by non-perturbative effects, quite in analogy to the lepton energy endpoint region. Fortunately, this region is well above the charmed hadron final state threshold lying outside the region we are interested in. At the lower end of the hadron energy, E had ≈ 0, the hadronic mass ranges over a narrow window 0 ≤ m 2 had ≤ E 2 had , hence, the OPE breaks down again. This region can be avoided by applying a lower cut to the hadron energy; we choose the value 1 GeV. This relatively high lower-cut has the advantage that a wide range of invariant hadronic masses contributes to the hadron energy spectrum; quark-hadron duality, which we implicitly assume in our treatment for the inclusive B → X u ℓν decay, is then expected to work well. Even after this cut at 1 GeV is made, we are still left with an ample hadron energy window ranging from 1 GeV to m D . These features in principle make investigations with hadron energy spectra more reliable than with lepton energy spectra.
Experimentally, the hadron energy spectrum in semileptonic B decays may be measured schematically as follows: Working at the Υ(4S) resonance, which decays into BB, one requires one of the B-mesons to decay semileptonically and the other one hadronically. In the case of a symmetric B-factory, like CLEO, the energy of the hadrons stemming from the semileptonically decaying B-meson can be obtained by measuring the total energy of all the hadrons in the final state and then subtracting m Υ(4S) /2. In case of asymmetric B factories, the hadron energy spectrum is harder to measure. One way is to reconstruct in a first step the whole Υ(4S) decay in its rest frame and then perform the analysis just described for the symmetric case. To perform the corresponding boost, one has to measure precisely both the energy and the momentum of each final state hadron, which requires accurate particle identification.
The remainder of this paper is organized as follows. In section 2 the calculation of the hadron energy spectrum is presented. We utilize two methods to account for the bound-state effects. The first one, discussed in section 2.1, uses the Altarelli et al. (ACCMM) model [10] of the B-meson and the second one, presented in 2.2, is based on the heavy-quark effective field theory (HQET) [8] . In both treatments, the perturbative O(α s ) corrections are taken into account. In section 3 the extraction of |V ub | and its theoretical errors are discussed. Finally, in section 4 we give a brief summary together with some comments on the experimental possibilites.
Hadron Energy Spectrum
In this section we present the calculation of the hadron energy spectrum which is observed in the rest frame of the Υ(4S) resonance. This frame coincides with the laboratory frame in the case of a symmetric B-factory. We take into account perturbative QCD corrections to O(α s ), but resum Sudakov-like double logarithms. Bound-state effects are evaluated within the ACCMM model [10] and the HQET [8] approaches. We anticipate that both methods will lead to similar results which, for the present case of a heavy to light transition, depend effectively only on one parameter, viz. b-quark mass. Theoretical accounts as to why the two distinct descriptions of bound-state effects in heavy to light transitions should agree, have been given in Ref. [16] .
Hadron Energy Spectrum in the ACCMM Approach
In the ACCMM model theB-meson consists of a b-quark and a spectator antiquarkq, flying back-to-back in theB-rest frame with 3-momentum vectors p and − p, respectively; the momentum distribution Φ(p) of the spectator is assumed to be of Gaussian form
normalized according to
The basic feature of this model is the requirement that in theB rest frame the energies of the two constituents have to add up to theB-meson mass m B . This is possible only when at least one of the masses of the constituents is allowed to be 3-momentum dependent. Usually, the mass of the spectator m sp is considered to be fixed to a constituent quark mass value, while the b-quark mass becomes momentum dependent,
We now consider the semileptonic decayB
, and p H denote the four-momenta of the b-quark, the u-quark, the gluon, the charged lepton, the anti-neutrino, the spectator, the B-meson, and the hadronic matter of the final state, respectively. In addition, we define the four vector q
Due to the fact that p
B in the ACCMM model, the vector q µ is the same with or without the spectator four-momentum, viz.,
For this reason, it is technically easier to concentrate first on the double differential distribution d 2 Γ/dq 2 dq 0 , because the spectator does not appear explicitly. To achieve this, we first derive the double differential decay rate (including the O(α s ) radiative corrections) for b → u(+g)ℓν, where the b-quark decays at rest. For simplicity, the u-quark is assumed to be massless. The kinematical variables q 2 and q 0 vary in the region
For each q 2 , the tree-level process (as well as the virtual gluon corrections) are concentrated at the upper endpoint of the q 0 range in Eq.(6). In the following it is more convenient to introduce dimensionless variables x and y which vary independently in the range [0, 1]:
With the above change of variables, we now proceed to calculate the double differential distribution d 2 Γ/dxdy. In terms of the new variables (x, y), the tree-level contribution and the virtual corrections are concentrated at y = 1, while the bremsstrahlung corrections give rise to a continuous distribution in the whole (x, y) domain. Individually, both the virtual corrections and bremsstrahlung contributions suffer from infrared and collinear divergences, which occur at y = 1 for a given value of x. However, if the variable y is integrated over a range s 0 ≤ y ≤ 1 (s 0 < 1), these singularities cancel, such that the quantity
remains finite. The first term on the right hand side (RHS) in Eq. (8) has been calculated in Ref. [17] ; the result is
where Γ 0 and the function G(x) which containes the radiative corrections are given by
Here Li(x) is the Spence function defined as
Because the tree-level contribution and virtual corrections are concentrated at y = 1, the second term on the RHS of Eq. (8) contains the gluon bremsstrahlung contribution only (as indicated by the notation). As the endpoint region is cut off by s 0 < 1, this term is finite; consequently, the infrared and collinear regularization is not necessary from the very beginning. We have calculated this term; the result is
where
The quantity κ in Eq. (14) is defined as κ = y 2 (1 − x) 2 + 4xy. Combining the two contributions, Eqs. (9) and (13), we obtain
The double logarithms arise from the soft and collinear gluons and become important as s 0 → 1. Resumming these double logarithmic terms to all orders, we get
(16) This expression enables us to reproduce the Sudakov exponentiated double-differential decay rate by differentiating with respect to s 0 .
To get the parton level hadron energy spectrum for a b quark decaying at rest, we first re-express Eq. (17) in terms of the variables (q 2 , q 0 ) and then integrate over q 2 ; this leads to the distribution dΓ/dq 0 . As the hadronic energy E had is related to q 0 by E had = m b − q 0 , the spectrum dΓ/dE had for a b-quark decaying at rest is readily obtained. To get rid of the b-quark mass dependence m 5 b in the decay width (as seen e.g. in Eq. (10)) and errors thereof, we present in the following the differential branching ratio dBR/dE had that is obtained by dividing dΓ/dE had by the theoretical semileptonic b-quark decay width Γ sl and multiplying this ratio by the experimentally measured semileptonic branching ratio BR sl = (10.4 ± 0.4)% [18] :
The semileptonic decay width, neglecting the small B → X u ℓν contribution, reads
where the phase space function g(u) is defined as
and the radiative correction function in an approximate analytic form is given by [11] :
The result (based on the the Sudakov improved differential branching ratio as just derived) is shown by the dash-dotted line in Fig. 1 (using m b = 4.85 GeV and m c = 1.45 GeV). To emphasize the effects of the Sudakov resummation, we have also plotted the result obtained in pure O(α s ) perturbation theory [19] , i.e., without exponentiation (short-dashed line). This curve exhibits a (integrable) double logarithmic divergence when E had = m b /2 is approached from above. The effects of the exponentiation are therefore most prominent in the region around m b /2 as illustrated in Fig. 1 , because Sudakov-exponentiation suppresses the singularity just mentioned. We stress, however, that the effect of exponentiation is negligibly small in the whole region below the charmed hadron threshold we are mostly interested in. This should be contrasted with the case of the energy spectrum of the charged lepton near the kinematical endpoint where these effect are most pronounced. Another interesting aspect concerning the radiative corrections to the hadron energy spectrum is that the kinematical boundary of the hadron energy depends on whether the final state contains bremsstrahlung gluons or not. In the absence of bremsstrahlung gluons, the kinematical endpoint is at m b /2 = 2.425 GeV as can be seen form the long-dahed curve representing the result without QCD corrections. Fig. 1 clearly illustrates that, above E had = 2.425 GeV, a significant tail due to gluon bremsstrahlung, hence of order α s (m b ) in strength, is present in the spectrum. We now turn to implement the bound-state effects using the ACCMM model. We start from the double differential distribution dΓ/dq 2 dq 0 in Eq. (17) . As the b-quark moves with momentum p inside the B-meson, we first replace the mass m b by m b (p) as given in Eq. (3). We then Lorentz boost the double differential distribution and get the spectrum for a b-quark decaying at flight (momentum p). Finally we convolute the spectrum with the ACCMM distribution function given in Eq. (1) . This leads to the ACCMM averaged quantity dΓ/dq 2 dq 0 for a B-meson decaying at rest. Again, this distribution is straightforwardly converted to dΓ/dE had . To get the differential branching ratio, we replace the b-quark mass m b in the expression for the semileptonic decay width in Eq. (19) by the ACCMM average value m b derived by applying the ACCMM convolution to the total semileptonic decay rate. This ACCMM averaged b-quark mass is given by m
The m b − m c mass difference is reliably calculated to be 3.40 GeV by HQET [20] . Therefore, we set m c = m b − 3.40 GeV in the Γ sl . The result is shown in Fig. 1 by the solid line; here we have used p F = 344 MeV and m sp = 150 MeV, which yields m b = 4.85 GeV according to Eq. (22) . As shown in Fig. 1 , the main effect of the Fermi motion of the b-quark inside B-meson is to shift the perturbative hadron energy spectrum uniformly to higher energies by about 300 MeV. We will elaborate this point in more detail when discussing the HQET approach to the bound-state effects, where the same result can be understood in a more transparent way. There is one more source of Doppler shift to the hadron energy spectrum. At a symmetric B-factory the B-meson is produced from the decay of the Υ(4S) resonance. Due to the released binding energy the B-mesons are produced with a momentum | p B | ≈ 330 MeV in the Υ(4S) rest frame. We have also worked out this effect to the spectrum; the corresponding result is shown in Fig. 1 by open circles. As this effect is very small, we will not consider it any more in foregoing discussions.
Although the ACCMM model has two input parameters, viz. p F and m sp , it turns out that the hadron energy spectrum is sensitive only to one parameter, namely, the average b-quark mass m b , which is a function of p F and m sp (see Eq. (22)) 3 . To illustrate this point, we have chosen two different pairs of (p F , m sp ) values, which both correspond to the same value of m b (=4.85 GeV in the present case). The correspondig result plotted in Fig. 2 indicates little dependence on p F and m sp , once m b is hold fixed. In Fig. 3 , we have varied m b over the range indicated in the plot. We have found that the hadron energy spectrum depends on m b rather strongly, especially in the region below the charmed hadron threshold.
Hadron Energy Spectrum in the HQET Approach
Next we calculate the hadron energy spectrum using the HQET approach. Since the derivation is discussed in detail in [15] , we only repeat the results relevant for our discussions. In the following we take into account the leading corrections in α s and 1/m b , but we neglect mixed higher-order corrections of the order α s 1 m b
. We assign the b quark the same four velocity v µ as the heavy meson and define the dimensionless parton level quantityÊ 0 aŝ
The physical hadron energy E had is given as
The leading order equality between m BÊ0 and E had gets modified by corrections linear in 1/m b where we have used the relationship
between the b quark and the B-meson masses. The ellipses in Eqs. (25) and (26) stand for higher order corrections in the 1/m b expansion. We split the differential spectrum dΓ dÊ 0 into two parts:
The first term on the right hand side (RHS) of Eq. (27) consists of the 1/m 2 b corrections and has been calculated in [15] . For m u = 0 one gets (0 ≤Ê 0 ≤ 1/2)
with Γ 0 given in Eq. (10) . The second term on the RHS of Eq. (27) contains the perturbative O(α s ) corrections; it has been calculated by Czarnecki et al. [19] . For completeness, we list their result for a massless u-quark: 
while for 1/2 <Ê 0 ≤ 1
Using relation (25) betweenÊ 0 and E had , the corresponding hadron energy spectrum . The differential branching ratio in the HQET approach is then given by
where the phase space function g(u) and the radiative correction function f (u) are listed in Eqs. (20) and (21), respectively. The function h(u) contains the 1/m tonic decay B → X c ℓν; it reads
To illustrate the qualitative features of the non-perturbative corrections, it is instructive to retain only the dominant terms which are linear in 1/m b . The relation between E had and E 0 (given in Eq. (25)) then simplifies to E had =Λ + m bÊ0 =Λ + E 0 , where E 0 is the hadron energy at the parton level. Therefore, the dominant bound-state effect is simply a uniform shift of the parton level hadron energy spectrum to higher energies by an amount ofΛ; exactly the same feature was also noted when implementing the bound state effects using the ACCMM approach (see Fig. 1 ). From these considerations it is clear that the most important parameter isΛ ≈ m B − m b , while the parameters λ 1 and λ 2 play a relatively minor role. In the numerical evaluations we therefore have used the fixed values λ 1 = −0.5 GeV 2 and λ 2 = 0.12 GeV 2 and presented the results as a function of m b (or, equivalently,Λ) only.
In Fig. 4 we compare the ACCMM and the HQET approaches. As an example we have chosen m b = m b = 4.85 GeV. The plot illustrates that the two methods agree with each other rather well, especially in the energy range 1 GeV ≤ E had ≤ m D . We have checked that this agreement holds everywhere in the relevant b quark mass range m b = (4.8 ± 0.2) GeV. 
Extraction of V ub from the Hadron Energy Spectrum
As discussed in the Introduction, theoretical predictions for the hadron energy spectrum are expected to be rather reliable in the relevant kinematical region below the D-meson mass, once a sufficiently high lower-cut in the hadron energy is made at the same time. Choosing the lower cut at 1 GeV, the invariant hadronic mass ranges from m π up to E had ≥ 1 GeV for all values of the hadronic energy in the window 1 GeV ≤ E had ≤ m D . In this case a large number of different hadronic final states contributes to the spectrum; hence, quark-hadron duality should hold quite well. We therefore propose to measure experimentally the kinematical branching ratio defined by
A comparison with the corresponding theoretical quantity then allows to extract the CKM ratio |V ub |/|V cb |. While leaving aside the experimental question how accurately the kinematical branching ratio can be measured now or in the future, we would like to point out in the following that the theoretical uncertainties in this observable are small enough to reduce substantially the present theoretical error on |V ub |. As it turns out that the theoretical error of the kinematical branching ratio is dominated by the uncertainty of the effective b quark mass (i.e., m b in the HQET approach and m b in the ACCMM approach), we take into account only this effect in the following analysis 4 . A reasonable range for the value of m b can be inferred from the measurement of the lepton energy spectrum in the inclusive decays B → X c,u ℓν. Fitting to the ACCMM model, CLEO extracted p F to be 264 ± 16 MeV (using a value of m sp = 150 MeV for the mass of the spectator quark) [2, 21] . In a more recent analysis using lepton tags [22] , they extracted the value p F = 347 ± 68 MeV. We thus choose to vary p 
We note that this range is also compatible with the best value ( m b =4.77 GeV) fitted from the photon energy spectrum in B → X s γ [23] . So far, we have not discussed the question, if the cascade decay b → cX → sℓνX , where the symbol X denotes light quarks, can fake a b → uℓν transition. If the c-quark is off-shell, this process can kinematically fake a b → uℓν transition, but in this case the process is higher order in the weak interaction, hence negligible. On the other hand, if the c quark is on-shell, the energy of the hadronic system X is larger than m D . Therefore, this cascade process is not a backgound to the b → uℓν transition; this is in contrast to the endpoint analysis of the lepton energy spectrum, where the cascade process has to be subtracted out.
To get an idea what fraction R of the total semileptonic b → u events will be captured in the energy window 1 GeV ≤ E had ≤ m D , we have used the present central value for |V ub |/|V cb | = 0.08 [24] . The m b dependence of the kinematical branching ratio and of the fraction R are shown in Table 1 for both the ACCMM and the HQET approaches. Varying m b in the range specified in Eq. (35) and using the results for BR kin HQET in Table 1 (where the variation is somewhat larger than in the ACCMM model), we obtain Denoting the measured kinematical branching ratio by BR kin exp , one can extract |V ub |/|V cb | to be
This implies that the theoretical error of the ratio |V ub |/|V cb | is approximately ±10%. Taking the somewhat larger range m b = (4.80 ± 0.15) GeV adopted in [1, 25] , we get from Table 1 |V
which implies a theoretical error of about 12 %. To illustrate that our proposal has the potential to lead to a more precise determination of V ub , it is instructive to briefly review the present situation. The traditional inclusive lepton endpoint spectrum analysis done at CLEO [2] and at ARGUS [3] , leads to the result |V ub |/|V cb | = 0.08 ± 0.03, where the error is dominated by theory [26] . A recent new input to this quantity is provided by the measurements of the exclusive semileptonic decays B → (π, ρ, ω) ℓν [4, 5] . The value for |V ub | quoted in the most recent analysis [5] is |V ub | = (3.3 ± 0.2
, where the errors are statistical, systematic and estimated model dependence, after excluding models which are unable to predict the correct π/ρ ratio.
Summary and Discussion
In this paper we have proposed to measure the hadron energy spectrum from inclusive semileptonic B decays in order to extract the CKM matrix element V ub with improved precision. The main advantage of our proposal is that the energy window, in which the b → cℓ − ν transition is kinematically absent (E had < m D ), is much wider than the corresponing window available in the traditional lepton energy endpoint spectrum analysis. Even after imposing a relatively high lower-cut at E had = 1 GeV (in order to avoid the region of phase space where the range in the invariant hadronic mass is too narrow to invoke quark-hadron duality), a much larger fraction of the b → uℓ − ν events is captured in the remaining window 1 GeV ≤ E had ≤ m D than in the lepton spectrum endpoint analysis.
After calculating the hadron energy spectrum in QCD improved perturbation theory, we have implemented the bound-state effects using both the ACCMM and the HQET approaches; the two methods gave essentially the same result, in particular in the relevant kinematical window. Qualitatively, the dominant bound state effect is a uniform shift of the parton level spectrum. We have pointed out that the theoretical error in the ratio |V ub |/|V cb |, which is dominated by the present uncertainties in the m b quark mass, is about a factor of 2 to 3 smaller than the one in the lepton endpoint spectrum analysis and about a factor of 2 smaller than the model uncertainties in the branching fractions of the exclusive decays B → (π, ρ, ω) ℓν. Therefore, for both statistical and theoretical reasons, the extraction of |V ub | from the hadron energy spectrum seems very attractive.
On the experimental side, our proposal is most suited for a symmetric B-factory running at the Υ(4S) resonance, which is currently available at the CLEO experiment. Tagging the events from the Υ(4S) decay, in which one B-meson is decaying semileptonically and the other one nonleptonically, the energy of the final state hadrons stemming from the semileptonically decaying B-meson is easily obtained by adding up the energies of all the hadrons in the final state and then subtracting m Υ /2. On the other hand, in asymmetric B factories, the hadron energy spectrum is harder to measure because one first has to reconstruct the corresponding distribution in the rest frame of Υ(4S); to perform the corresponding boost, one has to measure precisely both the energy and the momentum of each final state hadron, which requires accurate particle identification.
The spectrum of the invariant hadronic mass (dΓ/dm X ) in inclusive semileptonic decays B → X c,u ℓν is another source from which one may try to extract V ub . Requiring m X to be below m D , the process B → X c ℓν can be totally supressed. Consequently, the integral of the hadron invariant mass distribution below m D is another observable proportional to |V ub | 2 . As the invariant mass is integrated over a large range, which covers about 95 % of all the b → uℓ − ν events [27] , this observable is also theoretically viable. However, we believe that the invariant mass spectrum is more difficult to measure than the hadron energy spectrum proposed in this paper, because first, one has to measure the four momenta of all the final state hadrons from the Υ(4S) decay and second, one has to find a subset of final state hadrons with an invariant mass of m B , corresponing to the B-meson which decays hadronically. Only then the invariant mass of the semileptonically decaying B-meson can be determined.
Finally, we point out a potentially interesting possibility of a direct measurement of α s (m b ) or Λ. We have shown that, once the real gluon bremsstrahlung correction is taken into account, the kinematic maximum of the hadron energy shifts from the tree-level (and virtual gluon correction) endpoint (m Fig. 1 shows that the bremsstrahlung tail extends approximately 400 MeV beyond m b /2. We also have shown that the dominant bound-state effect is to shift the spectrum by Λ for both ACCMM and HQET approaches. Therefore, once Λ is known accurately, then α s (m b ) can be extracted directly from the bremsstrahlung tail spectrum. Alternatively, given an accurate value of α s (m b ), the nonperturbative parameter Λ can be accurately measured. Since the bremsstrahlung spectrum of b → c extends further out than that of b → u, the above proposal should be most suited for the b → c transition. In this case, one has to take into account the finite c-quark mass dependence of the perturbative QCD corrections and bound-state effects.
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